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ll. Envelope Equations

Paraxial Ray Equation

Envelope equations for axially
symmetric beams

Cartesian equation of motion

Envelope equations for elliptically
symmetric beams



Roadmap:

Single particle equation with Lorentz force
g(E +v x B)
I

Make use of:

1. Paraxial (near-axis) approximation
(Smallr and r')
2. Conservation of canonical angular momentum

3. Axisymmetry f(r,z)
U

Paraxial Ray Equation for Single Particle

Next take statistical averages over the distribution
function

= Moment equations

Express some of the moments in terms of the rms
radius and emittance

= Envelope equations (axi-symmetric case)

Some focusing systems have quadrupolar symmetry
Rederive envelope equations in cartesian coordinates
(x,y,z) rather than radial (r,z)
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Figure 3.2. Schematic of magnet sefs producing a Peré‘?dmgfg c(g— " PH\(CIC { o
ing solenoidal feld with axial periodicity length 5. In Fig. S INTENTE g
successive coils are spaced by S and have the same curent po ﬂltcyl MTicL beru
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Figure 3.1. Schemetic of magnet sets producing an alternating-
gradient quadrupole field with axal periodicity length S.
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3.2] Periodic Focusing Field Configurations 5T

Figure 3.3, Schematic of conductor configuration with applied volt-
ages producing an alternating-gradient quadripole electric feld with
axial periodicity length 5. '
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Figure 3.7.  Alternating step-function model of a periodic
quadrupole lattice with filling factor 7 for the lens elements. The
figure shows & plot of the guadrupole coupling coefficient rq(s) ver-
sus ¢ for one full period (S) of the lagtice. Such a configuration
is often called a FODO trensport lattice (acronym for focusing-ofi-

defocnsing-off ). .
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